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Spin-orbit coupling in transition metal dichalcogenides (TMDCs) causes spin-valley locking giv-
ing rise to unconventional optical, transport, and superconducting properties. In this paper, we
propose exotic superconductivity in bilayer group-IV TMDCs by symmetry control. The sublattice-
dependent “hidden” spin-orbit coupling arising from local inversion symmetry breaking in the crystal
structure may stabilize the odd-parity superconductivity by purely s-wave local pairing interaction.
The stability of the odd-parity superconducting state depends on the bilayer stacking. The 2Hb
stacking in MoX2 and WX2 (X =S, Se) favors the odd-parity superconductivity due to interlayer
quantum interference. On the other hand, the odd-parity superconductivity is suppressed by the
2Ha stacking of NbSe2. Calculating the phase diagram of the tight-binding model derived from first
principles band calculations, we conclude that the intercalated bilayer MoS2 and WS2 are candidates
for a new class of odd-parity superconductors by spin-orbit coupling.
I. INTRODUCTION
The recent fabrication of atomically thin transition
metal dichalcogenides (TMDCs) films has led to ex-
traordinary developments in both applied and basic sci-
ences1–23. The discovery of superconductivity in MoS2
11
and related TMDCs20–23 has demonstrated a new
paradigm of artificial two-dimensional (2D) superconduc-
tors. Indeed, an exotic superconducting phase protected
by spin-orbit coupling has been identified17–19,23.
The monolayer group-VI TMDCs have a hexagonal
crystal structure sketched in Fig. 1(b), where the metal
ions are surrounded by six chalcogen ligands forming a
prism structure24. The point group symmetry is D3h,
lacking the inversion symmetry. Thus, the monolayer
TMDCs are intrinsically noncentrosymmetric. There-
fore, the antisymmetric spin-orbit coupling (ASOC) ap-
pears and induces valley-dependent spin polarization
along the crystallographic c-axis25. Since the two val-
leys around the K and K ′ points in the Brillouin zone
are time-reversal pairs, the ASOC induces such “spin-
valley locking”. The resulting spin-splitting of the band
structure has been shown by first principles band struc-
ture calculations24,26–32 and was observed in many ex-
periments24.
A variety of intriguing phenomena caused by the
spin-valley locking have been revealed by recent works.
For instance, the superconducting state in the electron-
doped MoS2 is protected against the paramagnetic de-
pairing effect. As a consequence, a huge upper critical
field above 50T, which significantly exceeds the Pauli-
Chandrasekhar-Clogston limit33,34, has been observed17.
Then, the superconductivity is called “Ising supercon-
ductivity”18,19. A peculiar optical response25,35 has also
been observed4–7. Furthermore, topological supercon-
ductivity in TMDCs36–38 and TMDC-based devices39–42
has been theoretically proposed, and the possibility of
the topological insulating phase was discussed43.
Tunability of van der Waals heterostructures enables
symmetry control in TMDCs from monolayer to bulk.
FIG. 1. (Color online) Crystal structures of bilayer TMDCs.
Blue M and red X show the metal ions and chalcogen ligands,
respectively. (a) and (c) are top-view. (b) and (d) are side-
view. (a) and (b) illustrate 2Ha stacking structure, while (c)
and (d) show 2Hb stacking structure.
TABLE I. Point group symmetry of monolayer, bilayer, and
bulk TMDCs having 2Hb structure.
monolayer bilayer bulk
Point group D3h D3d D6h
The chemically stable stacking structure is determined
mainly by the metal ions44. For examples, the 2Hb struc-
ture is favored in group-VI MoX2 and WX2 (X =S, Se),
while the 2Ha structure is stable in group-V NbX2. The
2Ha and 2Hb stackings are sketched in Fig. 1. In both
structures, the 2D coordinates of metal ions and chalco-
gen ligands are exchanged between the upper and lower
2layers. Therefore, the space inversion symmetry is recov-
ered when the number of TMDC layers is even. For the
2Hb stacking, the point group is D6h in the bulk, and
D3d in the bilayer, both of which preserve the space in-
version symmetry. The symmetry of the heterostructures
is summarized in Table I.
Although the global inversion symmetry is preserved
in bilayer TMDCs, the local site symmetry of metal ions
is still noncentrosymmetric D3h. Such locally noncen-
trosymmetric crystal structure results in a sublattice-
dependent ASOC45,46. Although the spatial average
of the ASOC disappears so as to preserve the global
inversion symmetry, a sublattice-dependent spin polar-
ization45 has actually been observed in various materi-
als47–53 including the TMDCs50–52. As unusual super-
conducting properties have been established in noncen-
trosymmetric systems54,55, it is naturally expected that
unconventional superconducting states may be stabilized
in locally noncentrosymmetric systems. Indeed, it has
been shown that the “spin-momentum-layer locking” by
the spin-orbit coupling may stabilize the odd-parity su-
perconductivity in multilayer Rashba systems56–60 and
a nonsymmorphic zigzag chain61. Then, the spin-orbit
coupling combined with the spin polarization causes the
pi-junction between the two sublattices and stabilizes the
sign changing spin-singlet order parameter leading to
odd-parity. Such a superconducting state has been iden-
tified as a pair-density-wave (PDW) state. Interestingly,
multilayer odd-parity superconductivity is classified into
the topological crystalline superconductivity62–64, and
zigzag chains are identified as Z2 topological supercon-
ductors61. In this paper we propose the material realiza-
tion of analogous odd-parity superconductivity in bilayer
TMDCs.
We show advantages of bilayer TMDCs for realizing the
odd-parity superconductivity without spin-triplet pair-
ing. First, in the 2Hb structure, the interlayer hopping
integral t⊥f(k) vanishes at the K and K
′ point because
of the quantum interference effect24,65,66. Therefore, the
ratio α/t⊥f(k), with α being the coupling constant of
ASOC, is enhanced on the Fermi surface. This ratio
is increased further by intercalation, which induces the
superconductivity in KxMoS2, RbxMoS2, and CsxMoS2
without gating67. The large α/t⊥f(k) favors the odd-
parity superconductivity58. On the other hand, in the
2Ha structure, a considerable interlayer hopping inte-
gral appears in the entire Brillouin zone, and therefore,
we will see rather conventional behaviors in Nb-based
TMDCs. Second, the magnetic field parallel to the con-
ducting plane favors the odd-parity superconductivity
while avoiding the orbital depairing effect, although the
perpendicular field assumed in the multilayer Rashba
systems58–60 drastically suppresses the superconductiv-
ity. Fortunately, the Ising superconductivity in TMDCs
is robust against the parallel magnetic field17–19.
The 2D superconductors in parallel magnetic fields
have been investigated in the context of the Fulde-Ferrell-
Larkin-Ovchinnikov (FFLO) state68–71 and the helical
superconducting state54,55. However, we show that the
odd-parity PDW state is more stable than the FFLO and
helical states because of the peculiar symmetry of bilayer
TMDCs.
This paper is organized as follows. In Sec. II, the
model for bilayer TMDCs is introduced, and the mean
field theory is explained. We show the main results in
Secs. III and IV. In Sec. III, the superconducting phase
diagram in the Pauli limit is shown. In Sec. IV, we cal-
culate the phase diagram by taking into account both
paramagnetic and orbital effects of the parallel magnetic
field. It is shown that the odd-parity superconducting
state, called the PDW state, is stable in intercalated bi-
layer 2Hb-TMDCs. In Sec. V, the roles of the Rashba-
type ASOC are examined. In Sec. VI, a brief summary
is given, and characteristic properties of the odd-parity
PDW state are discussed for a future experimental test.
II. FORMULATION
A. Bilayer model
We investigate superconductivity in bilayer TMDCs by
taking intrinsic Zeeman-type ASOC into account. We fo-
cus on the electron-doped TMDCs in which superconduc-
tivity has been reported11,17–22,67, and we adopt a single-
orbital tight-binding model for the transition metal dz2-
orbital24,
Hˆ = Hˆ0 + HˆI. (1)
The single-particle Hamiltonian is composed of
Hˆ0 = Hˆk + Hˆ⊥ + HˆZ + HˆR + HˆP, (2)
where
Hˆk =
∑
k,m,s
ε(k+ pm) c
†
kmsckms, (3)
Hˆ⊥ = t⊥
∑
k,s
f⊥(k) c
†
k1sck2s + h.c., (4)
HˆZ =
∑
k,m,s,s′
α
(m)
Z gZ(k + pm) · σss′ c†kmsckms′ , (5)
HˆR =
∑
k,m,s,s′
α
(m)
R gR(k+ pm) · σss′ c†kmsckms′ , (6)
HˆP = −gµB
2
∑
k,m,s,s′
H · σss′ c†kmsckms′ , (7)
with c†kms being the creation operator for electrons with
momentum k and spin s on the m-th layer. The index
for the layer takes m = 1, 2 in bilayer systems.
The first term is the kinetic energy term by hopping
integrals in the 2D plane. Thus, we have
ε(k) = 2t1
(
cos kya+ 2 cos
√
3
2
kxa cos
1
2
kya
)
− µ, (8)
3by taking into account the nearest-neighbor hopping in
the triangular lattice. The chemical potential µ is in-
cluded in the dispersion relation ε(k). We fix 2D carrier
density per layer n2D = 1 × 1014 cm−2 throughout this
paper. This carrier density is close to the optimal doping
of superconducting MoS2
11, and then, small Fermi sur-
faces enclose the K and K ′ points in the Brillouin zone.
Later, the carrier density dependence is discussed. The
lattice constant is assumed to be a = 3.2A˚ in accordance
with first principles calculations72,73 and an experimen-
tal report74. We choose the unit of energy t1 = 1, which
is estimated to be t1 ≃ 200 meV75.
The second term Hˆ⊥ is the interlayer hopping energy
which depends on the stacking structure. The interlayer
hybridyzation function is
f⊥(k) = 1, (9)
for the 2Ha structure, while it is
f⊥(k) =
1
3
[
cos
kx√
3
a+ i sin
kx√
3
a
+ 2
(
cos
kx
2
√
3
a− i sin kx
2
√
3
a
)
cos
1
2
kya
]
, (10)
for the 2Hb structure. For non-intercalated TMDCs, we
assume t⊥/t1 = 0.6 in accordance with the band struc-
ture calculation for the bilayer MoS2
72. However, much
smaller t⊥ is adopted for intercalated TMDCs, since it
has been shown that the interlayer hopping is signifi-
cantly decreased by the intercalation76.
The third and fourth terms represent ASOCs. The
structure of ASOC has been classified by group theory77.
Although the Rashba-type ASOC in polar point groups
has been studied intensively54, other kinds of ASOC
may appear in non-polar point groups. Indeed, 21 point
groups out of a total of 32 are noncentrosymmetric. In-
terestingly, the 2D materials classified into the D3h point
group show a uniaxial ASOC, which causes spin polariza-
tion along the crystallographic c-axis. Such ASOC called
“Zeeman-type” ASOC17 is represented by HˆZ, in which
the spin texture in the momentum space is given by
gZ(k) =
2
3
√
3
(
0, 0, sinky − 2 cos
√
3
2
kx sin
1
2
ky
)
. (11)
This term arises from the intrinsic (local) inversion sym-
metry breaking in the crystal structure of trigonal pris-
matic TMDCs. We also take into account the Rashba-
type ASOC term HˆR, which comes from the bilayer struc-
ture45. Taking into account the nearest-neighbour cou-
pling, we have the g-vector
gR(k) =
1
1.7602
(
− sinky − cos
√
3
2
kx sin
1
2
ky,
√
3 sin
√
3
2
kx cos
1
2
ky, 0
)
. (12)
The constant factors are chosen so that the max-
imum amplitude is unity, that is, Maxk |f⊥(k)| =
Maxk |gZ(k)| = Maxk |gR(k)| = 1. Because the global
inversion symmetry is recovered by the bilayer stack-
ing, the layer-dependent coupling constants change sign,
(α
(1)
Z , α
(2)
Z ) = (αZ,−αZ) and (α(1)R , α(2)R ) = (αR,−αR),
and thus the spatial averages vanish. This is the
sublattice-dependent ASOC which is characteristic of lo-
cally noncentrosymmetric systems45,46. A coupling con-
stant of Zeeman-type ASOC, αZ/t1 = 0.0375, is adopted
unless mentioned otherwise. Then, the spin splitting en-
ergy on the Fermi surface is 2αZ|gZ(kF)| ≃ 13meV in
accordance with the first principles band structure cal-
culation for MoS2
17. The band structure calculation has
also shown that the Rashba-type ASOC is much smaller
than the Zeeman-type one17. Thus, we set αR = 0 except
in Sec. V.
In this paper, we study superconducting states in a
parallel magnetic field, whose effects appear in two ways.
One of the effects of the magnetic field is the param-
agnetic effect, which is represented by the Zeeman cou-
pling term HˆP. This term plays an essential role in this
work. For simplicity, we adopt the g-factor g = 2 and fix
the direction of the magnetic field along the [100]-axis.
The other effect is the orbital effect taken into account
through the Peierls phase. When the magnetic field is
parallel to the 2D plane, the Peierls phase leads to a
shift in momentum k→ k+ e
~
A. For the magnetic field
along the [100]-axis, we can choose the vector potential
A = −Hzyˆ. Then, Eqs. (3), (5), and (6) are modified by
pm = (3/2 −m) e~Hc yˆ with c being the lattice constant
along the c-axis. We set c = 6.15A˚ for non-intercalated
TMDCs78–80 and assume c = 1.5 × 6.15A˚ = 9.225A˚ for
intercalated TMDCs67. Thus, the orbital effect is en-
hanced by intercalation.
Many previous works have theoretically studied su-
perconducting states in the paramagnetic field. It has
been shown that the FFLO state is stable in a high mag-
netic field of centrosymmetric systems70,71, while the he-
lical state is stabilized in a low magnetic field of noncen-
trosymmetric systems54,55. Contrary to those studies, we
show that the odd-parity PDW state may be more stable
in bilayer TMDCs than the FFLO and helical states be-
cause of the local noncentrosymmetricity in the crystal
structure.
In order to study superconductivity emerging from the
peculiar electronic state, a momentum-independent s-
wave pairing interaction is introduced,
HˆI = −V
∑
i,m
nim↑nim↓, (13)
with nims being the number density operator for spin
s at the site i on the layer m. Although the Zeeman-
type and Rashba-type ASOCs induce spin-triplet p-wave
and f -wave components in the order parameter, respec-
tively, we assume a purely s-wave pairing interaction for
simplicity. This is justified because the effects of small
spin-triplet components on the superconducting phase
diagram are negligible59. We do not address the pos-
sibility of non-s-wave superconductivity by strong elec-
4tron correlations36,38,81,82. First principles calculations
for the s-wave superconductivity by electron-phonon in-
teractions83–85 reproduce the observed superconducting
dome11, supporting our assumption. We fix the transi-
tion temperature of superconductivity at zero magnetic
field, Tc0 = 5K, by tuning the coupling constant V .
B. Mean field theory
We analyze the model by means of the mean field the-
ory. When the superconducting state is spatially uniform
in the 2D plane, the layer-dependent order parameter
∆m = V
∑〈ckm↑c−km↓〉 is calculated by decoupling the
interaction term,
HˆI →
∑
k,m
(
∆mc
†
km↑c
†
−km↓ + h.c.
)
+
∑
m
|∆m|2
V
. (14)
Then, the Bogoliubov-de Gennes (BdG) Hamiltonian is
diagonalized by transforming the basis
Cˆ† =
(
c†k1↑, c
†
k1↓, · · · , c−k2↑, c−k2↓
)
→
(
γˆ†1k, · · · , γˆ†8k
)
= Cˆ†U(k), (15)
with the unitary matrix,
U(k) =


u1↑1(k) · · · u1↑8(k)
. . .
...
. . .
v2↓1(k) · · · v2↓8(k)

 . (16)
The stationary solution for the layer-dependent order pa-
rameter is obtained by the self-consistent equation,
∆m = −V
∑
k,ν
um↑ν(k)v
∗
m↓ν(k)f [Eν(k)], (17)
where Eν(k) is the ν-th eigenenergy at the momentum
k. The free energy is obtained by calculating
F =
1
2
∑
k,ν
Eν(k)f [Eν(k)] +
1
2
T
∑
k,ν
f [Eν(k)] ln f [Eν(k)]
+
∑
m
|∆m|2
V
. (18)
The thermodynamically stable state is determined by
comparing the free energy of metastable states. The BCS
state corresponds to the solution ∆1 = ∆2, and the PDW
state is characterized by the sign changing order param-
eter, ∆1 = −∆2. The odd-parity superconductivity is
realized in the PDW state by the sublattice degree of
freedom, without requiring the spin-triplet pairing. We
confirmed that the metastable solutions are spatially uni-
form in the absence of the orbital effect and Rashba-type
ASOC. In Secs. IV and V, we discuss the roles of the
orbital effect and the Rashba-type ASOC, respectively.
However, in the main part of this paper (Sec. III), these
minor effects are neglected.
The numerical calculation for spatially non-uniform
states requires a long computational time owing to long
coherence length resulting from the small energy scale
of superconductivity, Tc0 ≃ 5K. Thus, we solve the lin-
earized BdG equation instead of solving the full BdG
equation, when we study the non-uniform superconduct-
ing state in Secs. IV and V. Superconducting states near
the second order critical point are elucidated by the lin-
earized theory capturing the divergence of superconduct-
ing susceptibility, χˆmm′(q). Adopting the T-matrix ap-
proximation, we obtain
χˆ(q) =
χˆ0(q)
1ˆ− V χˆ0(q) , (19)
where the irreducible susceptibility is calculated by
χˆ0mm′(q) =
kBT
∑
k,l
[
G↑↑mm′(q/2+ k, iωl)G
↓↓
mm′(q/2− k,−iωl)
− G↑↓mm′(q/2+ k, iωl)G↑↓mm′(q/2− k,−iωl)
]
.
(20)
Gss
′
mm′(k, iωl) is the Green function on the Matsubara fre-
quency, ωl = (2l + 1)pikBT . The superconducting insta-
bility occurs when the maximum eigenvalue of V χˆ0(q)
is unity. The eigenvector is proportional to ∆m(q) =
V
∑〈cq/2+km↑cq/2−km↓〉.
TABLE II. Classification of superconducting states. Uniform
BCS and PDW states as well as non-uniform FFLO, helical,
Josephson vortex, and CS states are specified by the spatial
dependence of order parameter (right column).
Uniform BCS (A1g) ∆1(r) = ∆2(r) = ∆
(q = 0) PDW (A2u) ∆1(r) = −∆2(r) = ∆
LO ∆1(r) = ∆2(r) = ∆cos(q · r)
FF/helical ∆1(r) = ∆2(r) = ∆e
iq·r
Non-Uniform Josephson vortex ∆1(r) = ∆(e
−iq·r + δeiq·r)
(q 6= 0) ∆2(r) = ∆(δe
−iq·r + eiq·r)
CS ∆1(r) = ∆(e
iq·r + δe−iq·r)
∆2(r) = ∆(δe
iq·r + e−iq·r)
The classification of superconducting states is summa-
rized in Table II. The uniform superconducting states
are BCS and PDW states. The concept of PDW state
was introduced for spatially inhomogeneous supercon-
ducting states in the atomic length scale which is much
shorter than the coherence length86. In the subsequent
works58–64, however, the sign changing order parameter
between sublattices has also been classified into the PDW
state. In the latter case, the translation symmetry is not
5broken (q = 0). On the other hand, the irreducible repre-
sentation of order parameter differs from the BCS state.
While the BCS state belongs to the A1g irreducible repre-
sentation, the PDW state belongs to the odd-parity A2u
irreducible representation of D3d point group.
When the center-of-mass momentum q is finite, the
translation symmetry is broken. Then, the supercon-
ducting state may be classified into the FFLO68–71, he-
lical54,55, complex-stripe (CS)87, or Josephson vortex
states. The detailed definition of these non-uniform
states has been given in Ref. 63. In the case studied
here, the Josephson vortex state (Secs. IV and V) and
CS state (Sec. V) may be stable. Both states are re-
garded as an intermediate state between the Fulde-Ferrell
(FF) state68 and the Larkin-Ovchinnikov (LO) state69.
The order parameter is a superposition of ∆m(q) and
∆m(−q). Then, both amplitude and phase of order pa-
rameter are spatially non-uniform87, although only the
amplitude (phase) is non-uniform in the LO (FF) state.
III. PHASE DIAGRAM IN THE PAULI LIMIT
First, we examine the superconducting phase diagram
in the Pauli limit by setting pm = 0. Figure 2 shows the
H-T phase diagram of 2Hb structure. For small interlayer
hopping integrals, t⊥/t1 = 0.06 and t⊥/t1 = 0.125, the
odd-parity PDW state is stable in the high magnetic field
region [Figs. 2(a) and (b)]. Although the PDW state is
not stable for a moderate interlayer hopping, t⊥/t1 = 0.6,
consistent with non-intercalated MoS2 [Fig. 2(c)], t⊥/t1
is decreased in the intercalated TMDCs76, suggested here
as a candidate of odd-parity superconductors.
The 2Hb stacking structure plays an important role in
stabilizing the PDW state. Indeed, the 2Ha structure
realizes only the conventional BCS state [Fig. 2(d)] even
when the interlayer hopping is small. The distinct dif-
ference between the 2Ha and 2Hb structures comes from
the interlayer hybridyzation function, f⊥(k). Although
it is momentum-independent in the 2Ha structure, the
f⊥(k) disappears at the K and K
′ points in the 2Hb
structure because of the quantum interference of three
interlayer hopping integrals24,65,66. Figure 3 plots the
momentum dependence of the interlayer hybridyzation
function, (10), as well as the magnitude of the Zeeman-
type g-vector, (11). We see that f⊥(K) = f⊥(K
′) = 0
while the g-vector gZ(k) takes the maximum amplitude
at k = K and K′. Therefore, the ratio of the ASOC and
interlayer hybridyzation diverges at the K point,
αZ|gZ(K)|/t⊥|f⊥(K)| =∞. (21)
Since the Fermi momentum is in the vicinity of the K or
K ′ point, the ratio may be large,
αZ|gZ(kF)|/t⊥|f⊥(kF)| > 1, (22)
on the Fermi surface even when αZ/t⊥ ≪ 1. The dis-
appearance of the interlayer hybridyzation is protected
FIG. 2. (Color online) Superconducting phase diagram in
the Pauli limit. (a-c) 2Hb stacking structure with (a) t⊥/t1 =
0.06, (b) t⊥/t1 = 0.125, and (c) t⊥/t1 = 0.6. (d) 2Ha stacking
structure with t⊥/t1 = 0.125. Solid (dashed) line shows the
second order (first order) transition. The PDW state may be
stable in the high magnetic field region of the 2Hb structure,
although the BCS state is stable in the whole superconduct-
ing phase of the 2Ha structure. We assume αZ = 0.0375 in
accordance with MoS2.
by the 3-fold rotation symmetries24,65,66, and thus above
features are not an artifact of our model but general prop-
erties of the 2Hb structure without orbital degeneracy.
FIG. 3. (Color online) Momentum dependence of (a) the
interlayer hybridyzation function |f⊥(k)| for the 2Hb struc-
ture and (b) the magnitude of Zeeman-type ASOC, |gZ(k)|.
Hexagonal white dashed line shows the Brillouin zone bound-
ary, whose vertex is the K and K′ points.
Previous studies have shown that the sublattice-
dependent ASOC plays an important role when the ratio
αZ|gZ(kF)|/t⊥|f⊥(kF)| is large45. For the PDW state to
be stabilized, the condition αZ|gZ(kF)|/t⊥|f⊥(kF)| ≥ 1
6has to be satisfied58. Thus, the relation (22) indicates
the stable PDW state in the 2Hb structure. For the pa-
rameters αZ = 0.0375, t⊥ = 0.125 and n2D = 1 × 1014
cm−2, the ratio is αZ|gZ(kF)|/t⊥|f⊥(kF)| = 1.68 > 1,
satisfying the condition. A smaller carrier density makes
Fermi momentum to be closer to the K point, and then
the ratio αZ|gZ(kF)|/t⊥|f⊥(kF)| is increased. Therefore,
the PDW state is furthermore stable in the low carrier
density region.
On the other hand, the condition for the thermody-
namically stable PDW state is approximately reduced to
αZ/t⊥ ≥ 1 in the 2Ha structure since f⊥(k) = 1. This
condition is hardly satisfied in NbSe2 having a moderate
spin-orbit coupling. Therefore, the odd-parity supercon-
ductivity is unlikely in the bilayer 2Ha-NbSe2
19.
FIG. 4. (Color online) Phase diagram as a function of αZ and
t⊥ for (a) the 2Ha structure and (b) the 2Hb structure. The
temperature is fixed to be T/Tc0 = 0.1 and the magnetic field
is tuned so as to be just below the upper critical field. In
(b) the dotted, dashed, and dot-dashed lines show αZ/t1 in
MoS2, WS2, and WSe2, respectively.
The contrasting behavior of the 2Ha and 2Hb struc-
tures is illuminated by Fig. 4, which shows the phase di-
agram in the αZ - t⊥ plane at a low temperature T/Tc0 =
0.1. In the 2Ha structure, the PDW state is stable only
when αZ/t⊥ ≥ 2. On the other hand, the condition for
the PDW state is significantly relaxed in the 2Hb struc-
ture to αZ/t⊥ ≥ 0.25.
IV. ORBITAL EFFECT
Next, we examine the orbital effect on the super-
conducting phases. Although the orbital effect is com-
pletely suppressed in the monolayer, it may affect bilayer
TMDCs. Since we consider the magnetic field parallel
to the 2D plane, the Abrikosov vortex lattice state is
not realized. However, the orbital effect may induce the
Josephson vortex which penetrates into the atomic bilay-
ers.
The Josephson vortex state is characterized by an or-
der parameter with finite center-of-mass momentum q63,
and thus it is distinguished from the PDW state as well
as from the BCS state. We calculate the upper critical
field for various center-of-mass momentum q of Cooper
pairs by solving the linearized BdG equation. The super-
conducting state with the highest upper critical field is
stable near the critical point.
Figures 5(a) and (b) show the upper critical fields of
the BCS, PDW, and Josephson vortex states for the same
parameters as Fig. 2(b). The increase in the c-axis lat-
tice constant by intercalation67 is taken into account in
Fig. 5(b), although it is neglected in Fig. 5(a). Both
figures show that the PDW state in the 2Hb structure
is robust against the orbital effect at low temperatures
although the Josephson vortex state is stable in the in-
termediate temperature region.
On the other hand, we find that the PDW state is
suppressed when the Zeeman-type ASOC is furthermore
increased. Although the parameters compatible with in-
tercalated MoS2 have been assumed in Fig. 5(b), the
ASOC is increased in Figs. 5(d) and (f) while main-
taining the other parameters. The coupling constants
αZ = 0.065 and αZ = 0.095 are consistent with the spin
splitting energy at the K point ∼ 26meV and ∼ 38meV
in WS2 and WSe2, respectively. Then, we obtain the ra-
tio, αZ|gZ(kF)|/t⊥f⊥(kF) = 2.91 and 4.25, respectively.
As the Zeeman-type ASOC is increased, the upper crit-
ical field of the Josephson vortex state is enhanced al-
though that of the PDW state is insensitive to the ASOC.
Therefore, the PDW state becomes less stable than the
Josephson vortex state. For a large ASOC compatible
with WSe2, the PDW state is completely suppressed
[Fig. 5(f)]. Thus, we conclude that the intercalated bi-
layer MoS2 is the best platform for the odd-parity PDW
state rather than the heavier TMDCs.
The ASOC dependence is understood by paying at-
tention to the paramagnetic depairing effect. The PDW
state completely avoids the paramagnetic depairing ef-
fect, because the symmetry of superconductivity is the
same as spin triplet superconductivity45. On the other
hand, the BCS and Josephson vortex states are sup-
pressed by the paramagnetic depairing effect. This is
indeed the reason why the PDW state is stable in the
high magnetic field region58. However, the Zeeman-type
ASOC protects the BCS and Josephson vortex states
against the paramagnetic depairing effect. Hence, the
upper critical field of the Josephson vortex state in-
creases by increasing the ASOC. These features have
been demonstrated in Fig. 5. The Josephson vortex
state has also been demonstrated in a recent study for
bilayer TMDCs88, although the PDW state has not been
shown. Combining with the results in the paramagnetic
limit (Sec. III), we find that an intermediate value of the
Zeeman-type ASOC satisfying,
1 ≤ αZ|gZ(kF)|/t⊥|f⊥(kF)| ≤ 3, (23)
favors the odd-parity PDW state. The condition may
actually be satisfied in the intercalated MoS2 and WS2
as well as in the non-intercalated TMDCs with heavy
metal ions and/or small carrier density. As we mentioned
previously, the ratio αZ|gZ(kF)|/t⊥|f⊥(kF)| can be tuned
7FIG. 5. (Color online) Upper critical fields of the BCS (black),
PDW (red), and Josephson vortex (blue) states. The Zeeman-
type ASOC is chosen to be (a,b) αZ = 0.0375, (c,d) αZ =
0.065, and (e,f) αZ = 0.095, in agreement with MoS2, WS2,
andWSe2, respectively. The other parameters are the same as
Fig. 2(b). The highest (realizable) upper critical field is shown
by the solid line, while the fictitious ones are drawn by the
dashed lines. The c-axis lattice constant is set to (a,c,e) c =
6.15A˚ for non-intercalated TMDCs and (b,d,f) c = 9.225A˚ for
intercalated TMDCs, respectively.
by the carrier density, for which the electrostatic control
has been demonstrated in various TMDCs11,17,20–22.
At the end of this section, we discuss the effect of in-
creased interlayer distance by intercalation. The super-
conductivity has been observed in intercalated KxMoS2,
RbxMoS2, and CsxMoS2 which maintain the hexagonal
crystal structure67. The c-axis lattice constant increases
by 35%-60%. The two effects by intercalation have been
taken into account: the interlayer hopping integral t⊥ is
decreased, and the orbital effect is enhanced. We illus-
trate here the enhanced orbital effect by Fig. 6, which
shows the lattice constant dependence of the upper crit-
ical fields for a fixed t⊥. It is revealed that the PDW
state (Josephson vortex state) is suppressed (slightly en-
FIG. 6. (Color online) Upper critical fields of the PDW
state (red circles) and Josephson vortex state (blue crosses)
at T/Tc0 = 0.1 as a function of the interlayer distance
normalized by c0 = 6.15A˚ of non-intercalated MoS2. (a)
αZ = 0.0375, (b) αZ = 0.065, and (c) αZ = 0.095. The other
parameters are the same as Fig. 5.
hanced) by the orbital effect as the interlayer distance
is increased. However, the PDW state is still stable for
the parameters, αZ = 0.0375 and c = 9.225A˚, compatible
with the intercalated MoS2.
V. RASHBA SPIN-ORBIT COUPLING
Up to now we have ignored the Rashba-type ASOC,
because it is negligible in MoS2. Even in a strong exter-
nal electric field the Rashba-type ASOC is less than 2%
of the Zeeman-type ASOC17. Such a small Rashba term
does not alter the superconducting phase diagram. How-
ever, we discuss here an alternative way to realize the
odd-parity PDW state using a large Rashba-type ASOC,
considering the tunability of spin-orbit coupling by het-
erostructure engineering.
Figure 7 shows the phase diagram for the Rashba-type
ASOC, αR = ±0.185. Then, the Rashba-type ASOC is
comparable to the Zeeman-type ASOC on the Fermi sur-
face, |αRgR(kF)| ≃ |αZgZ(kF)|, for αZ = 0.0375. The
phase diagram in the Pauli limit [Fig. 7(a)] does not
show the stable PDW state, in contrast to Fig. 2(b),
which shares the other parameters. Thus, the Rashba-
type ASOC suppresses the PDW state in the Pauli limit.
Instead, the CS state with finite Cooper pairs’ momen-
tum (see Table II) is stable in the high magnetic field
region. The obtained CS state is essentially the same as
8FIG. 7. (Color online) Upper critical fields of the BCS (black),
PDW (red), and Josephson vortex/CS (blue) states in the
presence of the Rashba-type ASOC. (a) αR = ±0.185 and the
orbital effect is neglected (Pauli limit). Taking the orbital
effect into account, we obtain (b) for αR = +0.185 and (c)
for αR = −0.185. The other parameters are αZ = 0.0375,
t⊥/t1 = 0.125, and c = 6.15A˚.
that obtained in the bilayer Rashba model87.
On the other hand, the combination of the Rashba-
type ASOC and the orbital effect stabilizes the PDW
state. The direction of the Cooper pairs’ center-of-mass
momentum q in the CS state is determined by the sign
of the Rashba-type ASOC. In our model, the q is oppo-
site between the CS state and the Josephson vortex state
when αR > 0. Then, the effects of Rashba-type ASOC
and the orbital effect are canceled, and therefore, the
PDW state is stable [Fig. 7(b)], as at αR = 0 in the Pauli
limit. Even in the opposite case, αR < 0, the PDW state
is stable in a small parameter range [Fig. 7(c)]. These re-
sults are qualitatively consistent with what we observed
in the bilayer Rashba model63.
VI. SUMMARY AND DISCUSSION
In this work, we show the odd-parity superconductiv-
ity in bilayer TMDCs with 2Hb stacking structure. Un-
der the parallel magnetic field, the Zeeman-type ASOC
arising from the intrinsic local inversion symmetry break-
ing realizes the pi-junction of the spin-singlet s-wave or-
der parameter between two atomic layers. Such a non-
uniform superconducting state in the atomic scale is
called the PDW state58. The sign changing order pa-
rameter belongs to the A2u irreducible representation
of the D3d point group. Thus, the parity of supercon-
ductivity is odd. Although the odd-parity superconduc-
tivity has attracted great interests for more than four
decades, only a few spin-triplet superconductors such
as Sr2RuO4
89, UPt3
90, and ferromagnetic superconduc-
tors91,92 have been identified as candidate materials. The
conditions favoring the spin-triplet Cooper pairing are
hardly satisfied in natural materials. Our finding shows
a new and realizable mechanism of odd-parity supercon-
ductivity by means of the symmetry control enabled by
the van der Waals heterostructure. Tuning the conven-
tional s-wave superconductors by the spin-orbit coupling
makes the odd-parity superconductivity.
The bilayer 2Hb-TMDCs are promising platform of
the odd-parity superconductivity, because two important
conditions are naturally satisfied. First, the magnetic
field required to stabilize the PDW state is parallel to
the 2D plane, and therefore, the orbital effect suppress-
ing the superconductivity is substantially avoided. Sec-
ond, the interlayer hybridization vanishes at the K point
in the Brillouin zone owing to the quantum interference.
Then, the Zeeman-type ASOC overcomes the interlayer
hybridization which suppresses the PDW state. Calcu-
lating the superconducting phase diagram by taking into
account both paramagnetic and orbital effects, we con-
clude that the intercalated bilayer MoS2 and WS2 are a
platform for the odd-parity superconductivity. Recently,
superconductivity has been realized in the bilayer MoS2
by gating22.
Finally, we discuss some properties of the PDW state
to be examined by future experiments. (1) The super-
conducting gap in the density of states is increased58.
(2) The spin susceptibility is enhanced45. (3) The vor-
tex core radius shrinks60. (4) The zero energy An-
dreev bound states appear at vortex cores in the tilted
magnetic field60. (5) The upper critical field exceeds
the Pauli-Chandrasekhar-Clogston limit and shows up-
ward curvature at low temperatures58. The features of
the upper critical field have been universally observed
in the intercalated hexagonal bulk MoS2
67,93, indicat-
ing a signature of the spin-orbit coupling in the super-
conducting state. In contrast, the upper critical field
of non-hexagonal TMDCs does not exceed the Pauli-
Chandrasekhar-Clogston limit93. This systematic behav-
ior points to our view on the importance of the 2Hb crys-
tal structure.
The features (1) and (2) can be tested by thermody-
namic or spectroscopic experiments, and (3) and (4) may
be detected by measurements in real space, such as scan-
ning tunneling microscopy (STM) and nuclear magnetic
resonance (NMR). Although these experiments may be
challenging, developments in the technology of artificial
2D electron systems may clarify the exotic superconduct-
ing properties. The realization and identification of odd-
parity superconductivity in a controllable way would be
a great development in the research field of superconduc-
tivity with exotic symmetry and topology.
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